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4) Destructive disposal by incineration: Several studies using
different thermal disposal methods are in progress in different
countries. Explosives are burned in rotary kilns or in � uidized-bed
incinerators.The gaseousproductsthen are recoveredin rather com-
plicated systems consisting of � lters, scrubbers, afterburners, etc.
This approach requires construction of a small chemicals factory
and the high cost of investment capital.

The method presented in this paper is a variant of the incinera-
tion approach that offers enhanced environmental safety, technical
simplicity, and low costs. This method is adaptedparticularlyto dis-
posing of hetergeneouspropellants.These solid propellantscontain
ammoniumperchlorate(AP) abindingagent,andoftencontainaddi-
tional high-energy additives, such as cyclotrimethylenetrinitramine
(RDX), cyclotetramethylenetetranitramine(HMX), aluminumpow-
der or metal hybrides.The combustionproductsof thesepropellants
are characterizedbya high hydrogenchloridecontent(around20%).
Carbon monoxide, hydrogen, and, in the most common propellent
compositions, � nely dispersed aluminum oxide are also present.

Speci� cally, this method is based on incinerating the propellants
under the surface of an appropriate neutralizing solution. As the
gaseous products of combustion rise through the solution, they are
cooledsimultaneously,their volume is reducedby a factorof 10, and
then they are reactedwith a neutralizationsolution.Ecologicallyun-
desirable materials are transformed into substances that commonly
appear in nature. For example, hydrogen chloride is transformed
into sodium chloride (common table salt). If the propellantcontains
metal, such as aluminum, the solid combustion products also are
cooled and condensed into a � ne dispersion of insoluble metal ox-
ides. The mixture of the other escaping gaseous products can be
burned over the solution surface, converting carbon monoxide to
carbon dioxide, and hydrogen to water. The � nal waste products of
this process are then a solution of sodium chloride with a suspen-
sion of aluminumoxide, and a mixtureof gases containingprimarily
carbon dioxide, nitrogen, and water.

Description of Exploratory Experiments
Exploratory experiments were conducted using a propellent

having the following approximate properties: AP, 65%; synthetic
rubber, 13%; powdered aluminum, 19%; additives, 3%; material
density, 1797 kg/cbm; and heat of explosion, 6563 kJ/kg.

The typical products of combustion are aluminum oxide, 37%;
hydrochloricacid, 20%; carbon oxides, 31%; nitrogen, 8%; hydro-
gen, 4%; and volume of gaseous products, 934 l/kg.

Three sets of propellant samples were tested. Initially, samples
having prismatic shapes and a mass of 30–50 g were burned under
the surface of a neutralization solution in a glass vessel with a vol-
ume of about50 liters.The samplesburnedat a depth of about20 cm
under the surface for approximately 20–40 s. Later, larger samples
of a massof approximately1 kg were burnedat a depth of 1.2–1.5 m
under the surface in a concrete basin having an overall volume of
about 500 cbm. These samples burned for 50–60 s. Finally, a com-
plete charge of propellentwith a mass of 10 kg was drawn from the
rocket antiaircraft system and was tested. For comparison, a 10-g
sample also was burned in the open air. Chemical analyses of the
escaping gaseous products were tested in a special environmental
laboratory. The result are presented in Table 1.

These analysesindicate thatour simple method is effective.It was
determined further that combustion of the unit underwater supports
water circulation, which encourages absorption and neutralization
reactions. These analyses also indicated that no hydrogen chloride
or other harmful gases were present in the gases leaving the neu-
tralizing solution. These results also suggest that the residual con-
centration of ammonia and chlorine can be reduced by changing

Table 1 Comparison of open-air and underwater burning

Burned, mg/m3 of fume

Agent Open air burning Underwater burning

Ammonia 16 <2
Chlorine 30,200 1,880

the ratio of solution mass to propellant mass or by changing the
concentrationof neutralizing agent in solution.

Conclusions
The results of these simple tests show that disposing of hetero-

geneous propellants by incineration under a neutralizing solution
is technicallyvery simple and potentially � nancially cost-effective.
The data indicate that this method ful� lls ecologicalcriteria for pro-
pellant disposal. Finally, it appears possible to apply this method
to decommissioned rocket motors of certain weapons systems pro-
videdwith ignitionequipment,with noadditionalpreparationsbeing
needed.

It is recognized that signi� cant further development of this
method is needed. Later development studies must address quan-
titative analyticalcontrol of the distributionof all waste products in
the neutralization solution and further de� ne the species and their
gas concentrationsabove its surface.The ultimategoal is the techni-
cal control of burning units with masses of several tens or hundreds
of kilograms.
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Introduction

M CALEVY and Summer� eld1 introduced the gas-phase ig-
nition theory for composite solid propellants to explain the

resultsof a set of ignitionstudieswhereina shockwavewas re� ected
off the end wall of a shock tube using a tailored interface condition.
The test gas, doubly shockedand stagnant,was of a controlledcom-
position and its pressure was controlled by the initial, unshocked
pressure. The end wall contained a planar mounted sample of pro-
pellant.The ignitiondelay, sensed with a � ltered photoelectrictube,
decreased as either the gaseous oxygen content or the pressure of
the test gas increased. The investigators hypothesized that the pro-
pellant sample was heated by conductionfrom the stagnant test gas.
The pyrolysisof the productsof the polymeric fuel of the propellant
then diffuse into the adjacent gas phase and react with the oxidizing
gases, which lead to ignition of the propellant.

The thermal interactionof the propellant and the test sample was
modeled by the classical heat conduction solution for the sudden
contactof twosemi-in� nitebodiesinitiallyat differenttemperatures.
The solution indicates that, instantly upon contact, the temperature
at the interfacejumps to a constantvalue that dependsupon the ratio
of thermal properties of the two bodies. This interface temperature
depends upon the ratio of the quantity R2 D .%cpk/solid=.%cpk/gas

such that

Tinterface D
Tgas ¡ Tsolid

1 C R
C Tsolid

When evaluated for the experimental conditions, the predicted in-
terface temperature was approximately 400±C. This value seemed
a little low, but it was adjudged that the model was highly approx-
imate considering the assumption of constant density in the gas.
In “reality,” it was thought likely that high-temperature gases � ow
toward the surface because of the local cooling of the gas at the
interface, which would further increase in temperature. Subsequent
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numerical modeling of this ignition problem2 revealed ignition de-
lays substantially similar to those observed experimentally.1

Recently, however, this author has been looking at the hyper-
bolic form of the heat equation for noncombustion-relatedreasons.
This form results from the assumption that the local heat � ux in a
solid is composed of a (Fourier) temperature gradient component
plus a second component due to phonon interactions within the
solid. Solutions by Baumeister and Hamill3;4 for an initially cold,
semi-in� nite body suddenly exposed to a constant temperature, or
a constant heat � ux, at its surface showed that temperatures are al-
ways signi� cantly higher than the solutions of the classical Fourier
parabolicheat equation for early times. Therefore, this model could
have some applicationto the ignitionproblemdescribedearlier, and
thus deserved further study.

Problem Description
The hyperbolic form of the heat equation, sometimes called the

Telegrapher’s equation, is derived by assuming the heat � ux within
a mass of material to be

q D ¡k
@T

@x
¡ ¿

@q

@t
(1)

Here, the � rst term on the right is the normal Fourier conduction
term, and the second term is the phonon interaction term. The co-
ef� cient ¿ is the relaxation time of the interaction that de� nes a
wave speed C D .®=¿ /1=2 and ® is the thermal diffusivity.This form
was � rst proposed by Maxwell5 and later treated by Cattaneo6 and
Vernotte7¡10; Waldram11 showed three ways in which the second
term couldarise.The resultinghyperbolicenergyequationhas since
been treated by a number of authors, perhaps most assiduously by
Özisik and Vick.12;13 The energy equation resulting from this as-
sumption is linear, assuming T and the normal thermal properties
are constant. Using primitive temperature T, space x, and time t
variables, this equation has the form

¿
@2T

@t 2
C @T

@t
D ®

@2T

@x2
(2)

When composite bodies are considered, dif� culties in the solution
arise from the equality of heat � ux at the interface with materials
having different thermal properties. In terms of temperature, this
interfacecondition involvesa cross derivativeof the temperature—,
that is, @2T=@x@t , —which causes analytical problems. Özisik and
Vick13 have done extensivenumerical treatment of � nite composite
systems involving such boundary conditions.

De� ning the dimensionless length » D x=2.®¿ /1=2, time ´ D
t=2¿ , and temperature 2 D .T ¡ Tcold/=.Tsurface ¡ Tcold/ results in
the dimensionless,parameter-freeEq. (3). Here, the subscriptsof 2
indicate partial differentiation:

2´´ C 22´ D 2» » (3)

When homogeneousconditions are applied initially, and at in� nity,
together with a � xed temperature Tsurface at the surface, the solution
shown belowfollowsusingLaplace transforms(see alsoBaumeister
and Hamill3;4 and Patterson14/:
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where I1 is the modi� ed Bessel function and U .´ ¡ »/ is the unit
stepfunctionas de� ned by Korn and Korn.15 This is a perfectlyvalid
solution,which shallbe usedas a referencesolutionin the remainder

of this note. However, it is not a particularlyuseful solutionbecause
fairly extensive numerical quadrature is needed to obtain useful
results.

However, recallingEq. (2), note that the relaxationtime is a small
number, typically 10¡6–10¡20 s. If it is set identically zero, Eq. (2)
becomes the classical parabolic heat equation because the factor 2
can be removed by a slight alteration in variables. Equation (2)
is, therefore, probably singular in the sense of asymptotic analy-
sis. Note that two characteristic length scales exist in this problem.
These scales are the phonon interaction dimension ±c , and the ther-
mal length associated with the relaxation time, namely .®¿ /1=2; the
ratio of these lengths, ±c=.®¿/1=2 provides a convenient small pa-
rameter .²/, which is typically O.10¡2/. Therefore, according to
Van Dyke,16 it is a singular problem with ratio of these lengths
forming a (generally) small parameter, characteristic of the situa-
tion described by the governing primitive equation.

Analysis
The primitiveenergy equation (2) can be cast into two dimension-

less forms, depending upon the scaling chosen for dimensionless
length and time. The reason for choosing dimensionless variables
other than those used to produce Eq. (3) is to preserve the effect of
the presence of a small parameter caused by the change in the form
of the heat � ux, Eq. (1), and the inclusionof the primitive relaxation
time ¿ .

By appropriateselectionof dimensionlesslengthsand timescales,
one obtains two different forms of � nal hyperbolic partial differ-
ential equation (PDE), each containing the small parameter ² D
±c=.®¿ /1=2. The temperature normalization used in Eq. (2) is main-
tained. Selecting length and time normalizations of, respectively,
Â D .±c=®¿ /x and ° D C.±c=®¿ /t, one obtains

².2ÂÂ ¡ 2° ° / D 2° (5)

If the length and time normalizations are stretched versions of the
above coordinates, namely ¾ D .° =²2/ and ¸ D .Â=²2/, then the
following equation is obtained:

2¸¸ ¡ 2¾¾ D ²2¾ (6)

At least in some sense, Eqs. (5) and (6) represent opposite ends
of a spectrum. Equation (6) clearly is dominated by wave behavior.
Equation (5), however, clearly represents a singular problem since
setting ² D 0 removes all higher derivatives.

An appropriate expansion for Eq. (5) (see Ref. 17) has the form

2.Â; ° I ²/ D f0.Ã; ° / C ² f1.Ã; ° / C ²2 f2.Ã; ° / C ¢ ¢ ¢

where Ã D Â=.²/1=2 D .±c=.®T/1:5/1=2x and ° is as de� ned previ-
ously. The initial conditions for this expansion are the same as
for Eqs. (2) and (6), namely, 2.X; 0I ²/ and 2t .X; 0I ²/ D 0. The
only boundary condition known is 2.1; Y I ²/ D 0. The remain-
ing boundary must be determined by matching with the solution to
Eq. (6). The equations to be solved giving 2.X; Y I ²/ are, to second
order,

f0ÃÃ ¡ f0° D 0; f1ÃÃ ¡ f1° D f0° ° ; f2ÃÃ ¡ f2° D f1° °

(7)

Considering Eq. (6) next, an expansion of the form

2.¸; ¾ I ²/ D g0.¸; ¾/ C ²g1.¸; ¾ / C ²2g2.¸; ¾ / C ¢ ¢ ¢

is introduced, resulting in the equations

g0¸¸ C g0¾ ¾ D 0; g1¸¸ C g1¾ ¾ D g0¾ ; g2¸¸ C g2¾¾ D g1¾

(8)

Equation (6), has homogeneousinitial conditionsand the bound-
ary conditions 2.0; ¾ I ²/ D 1; 2.1; ¾ I ²/ D 0, which g0 must sat-
isfy,whereas g1 and g2 must satisfyhomogeneousinitialand bound-
ary conditions.
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Solutionsfor Eqs. (7) and (8) are easilyaccomplishedvia Laplace
transforms, so that, for Eq. (8),

g0 D U .¾ ¡ ¸/ (9a)

g1 D ¡.¸=2/U .¾ ¡ ¸/ (9b)

g2 D ¡.¸2=8/U .¾ ¡ ¸/ ¡ .¸=8/.¾ ¡ ¸/U .¾ ¡ ¸/ (9c)

where the unit step functionU .¾ ¡ ¸/ D 0 for ¾ < ¸ , U .¾ ¡ ¸/ D 1
for ¾ > ¸, and U .¾ ¡ ¸/ D K for ¾ ´ ¸.

However, solutions for Eq. (7) had to be matched via the usual
intermediate expansion, causing an overlap region between ¸ and
Ã . As Ã approaches 0, the fi solutions must match the behav-
ior of the gi solutions with U .¾ ¡ ¸/ D K when ¾ ´ ¸; or in the
Laplace transform plane, the step functions approach a value of
K=s. The matching yields the � nal solutions in Eqs. (10a–10c),
here Á D Ã=.4Y /1=2 for convenience:

f0 D K ·erfc.Á/ (10a)

f1 D ¡K · .¸=2/ erfc.Á/ C .¸=4/
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(10b)

f2 D ¡K · .¸Y=8/ erf.Á/

C
h
.Ã2=2/ erfc.Á/ ¡ Ã.Y=¼/

1
2 ·exp.¡Á2/

i

C .¸Y=8/

h
1=.¼Y 3/

1
2

in
1 ¡ 2

h
Ã=.4Y /

1
2

i2o
· exp.¡Á2/

C .Ã 2=64/

h
1=.¼Y 6/

1
2

i
.15Á ¡ 20Á2 C 4Á5/ · exp.¡Á2/

¡ .Ã=64/

h
1=.¼Y 5/

1
2

i
.3 ¡ 12Á2 C 4Á4/ · exp.¡Á2/ (10c)

Then, to second order, a uniformly valid expansion for the di-
mensionless temperature 2.X; Y I ²/ is
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(11)

wherein it may be recalled that Ã D X=.²/1=2 and Á D Ã=.4° /1=2.

Results
Comparison of the results from Eq. (11) with those of the ex-

act solution, Eq. (4), are shown in Figs. 1–3; the � gures also show
the variation of dimensionless temperature with the spatial variable
» , at � xed values of the time variable ´. All solutions were ob-
tained via the MATLABTM program, version 4.0. Values ² D 0:01
and K D 0:01 were used.

Fig. 1 Comparison of approximate solutions to � rst ( £ ) and second
(+) order and the parabolic equation solution ( ) with the exact solution
of the hyperbolic heat equation, showing dimensionless temperature vs
dimensionless distance » at a dimensionless time ´ = 0.3, using ² = Kf =
0.01.

Fig. 2 Comparison of approximate solutions to � rst ( £ ) and second
(+) order and the parabolic equation solution ( ) with the exact solution
of the hyperbolic heat equation, showing dimensionless temperature vs
dimensionless distance » at a dimensionless time ´ = 0.5, using ² = Kf =
0.01.

Fig. 3 Comparison of approximate solutions to � rst ( £ ) and second
(+) order and the parabolic equation solution ( ) with the exact solution
of the hyperbolic heat equation, showing dimensionless temperature vs
dimensionless distance » at a dimensionless time ´ = 0.8, using ² = Kf =
0.01.
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Conclusions
Note that in the .»; ´/ coordinatesused in the � gures, the approx-

imate solution is 1) independent of the parameter ² because these
coordinates do not depend upon ², and 2) rather sensistive to the
selected value of ´, which is proportional to real time; the approxi-
mate solution divergesat large ´ values. The approximatesolutions
should be ignored once the step function shifts at » ¡ ´ . However,
the � gures indicate suf� cient closeness of the approximate and ex-
act solutions to lead to the hope that, in the near future, the interface
jump temperature question, described in the Introduction, may be
answered in a useful fashion.
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